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Abstract

A new color space for color reproduction is developed from an
empirical model of color vision based on a trigonally symmetric,
planar arrangement of three response vectors, which separates a
visual perception via tristimulus values into achromatic and
chromatic components and subsequently recombines them as a
correlate of purity visually. Since three visual response vectors are
mutually opposed, the model is called the mutually opposed,
trichromatic response (MOTR) model. The MOTR model predicts
many visual responses such as unique hues, wavelength diserimi-
nation, and defective color vision. Since the model has the advan-
tage of directly representing a color as two chromatic components
and one achromatic component, it is particularly useful for halftone
color reproduction, especially via complete GCR.

Introduction

Most color models are based on the three-receptor (trichromatic)
response model of Young [1], Maxwell [2-5], and von Helmholtz [6,
71, or on the opponent response model of Hering [8). Present models
tend to combine both these models into what is called a zone theory [9,
10], where the characteristics of both trichromatic and opponent re-
sponse can operate in different stages. A prevalent characteristic is
that the visual stimulus is separated into luminance (lightness or
brightness) and chromatic (“color”) components. The chromatic
component further comprises the two characteristics of hue (red,
green, etc.) and chroma.
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There are linear [11] and nonlinear response models, the latter
including vector models [9, 10, 12, 13, 45]. Vector models invariably
are based on a mutually orthogonal Cartesian coordinate system,
likely for simplicity. However, from crystallography, it is obvious
that Nature seldom uses a coordinate system of such symmetry.
The object of this paper is to propose a model based on a symmetrical,
planar arrangement of three vectors, each representing the overall
response of the three conal systems (“red”, “green”, and “blue”).
The psychophysical basis will be only that equal response of the
three conal systems results in an achromatic response and that a
chromatic response is due to unequal response of these conal sys-
tems. A principal characteristic of the model, similar to other mod-
els, is that the visual response is separated into achromatic and
chromatic responses. Also presented will be a color space for sur-
face colors which allows a quantitative measure of color differ-
ences. A second characteristic of the model is that it utilizes aspects
of existing color models and spaces in a uniquely different way.
The overall objective herein is to provide a simple yet sufficiently
accurate model which will be useful for colorimetric analysis and
application to color reproduction, the halftone proofing and printing
processes in particular. Some familiarity with the CIE color sys-
tems is assumed.

CIE Color Systems

The starting point for the CIE’s visual response and color space
systems is the color matching-functions of a “standard observer”.
The 1931 and 1964 CIE Standard Observer functions are similar but
differ in the “blue” function and the luminous efficiency function.
Since this paper is directed toward the graphic arts, and the graphic
arts usually uses “wide field” viewing, the development herein will
be based on the CIE 10° color-matching functions unless otherwise
noted. Where used, they will be designated x,,,y;,, and z,,,.

The next step in describing a visual response is quantifying the
response, which is usually done by calculating X, Y, and Z, the CIE
tristimulus values for that response. The 1931 CIE chromaticity
diagram is based on the proportion of each tristimulus value to their
total, giving chromaticity coordinates as described in equation (1).
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A plot of the monochromatic visible spectrum in CIE x,y
chromaticity coordinates is given in Fig. 1, the familiar
“horseshoe”. The white point is located at X =Y=Z,orx =y =2 =1/3.
The normal direction is given by the Y tristimulus value, which
correlates with perceived lightness. This system is usually
designated xyY.
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Fig. 1. 1931 CIE chromaticity diagram
of the visible spectrum.

A big deficiency in using chromaticity coordinates and Fig. 1 is
that the approach does not correlate well with the appearance of colors,
especially surface colors. Perhaps one reason for this deficiency is
the characteristics of this approach. In this approach, the X, Y, and Z
values represent imaginary, not real stimuli, and x, y, and z repre-
sent the fractional contributions of these imaginary stimuli. The
most unusual, if not irrational, aspect of these imaginary stimuli is
that the X and Z stimuli are considered to contribute no luminance,
and all luminance is provided solely by the Y stimulus. This im-
plies that stimuli having no luminance can contribute to a visual
perception. Although imaginary characteristics may be permiss-
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ible for modeling, such characteristics tend to impair conceptuali-
zation of real processes.

To investigate the characteristics of the CIELAB and CIELUV
systems, ideal yellow (Y), magenta (M), cyan (C), red (R), green (G),
blue (B), and white (W) colors can be used since their behavior can be
predicted readily. Their reflectance is either 0 or 1 in their appropri-
ate part of the visible spectrum. That is, Y, M, and C comprise 2/3 of
the spectrum, while R, G, and B comprise 1/3. White comprises
exactly the sum of R, G, and B. MacAdam [14, 15] called these opti-
mum object stimuli since they represented the boundaries of real
colors. All spectral related data used herein for these ideal colors
range from 380 nm to 720 nm in 5 nm intervals.

In the halftone process, tone reproduction and gray balance are
requisite, not merely important, and it is highly desirable that hue
doesn’t change throughout the tone reproduction curve. Hue con-
stancy throughout a gradation scale can be estimated by the hue
angle hab or huv. Since ideal colors are being used in conjunction
with a standard observer, there should be no shift in its hue in any
color space. This does not mean there would not be a perceived hue
shift for real observers.

The reflectance spectrum of an ideal yellow is shown in Figures
2 and 3, where the solid line defines the spectrum of the ideal yellow.
Fig. 2 represents the usual case in halftone printing via the subtrac-
tive color process, where the starting point is a white substrate such
as paper. If that substrate is an ideal white, its reflectance is 1
throughout the spectrum. As the amount of colorant (ink) is in-
creased through higher density or dot area, it “subtracts” (absorbs)
the wavelengths from an appropriate part of the spectrum.

In Fig. 2, then, the dashed lines represent the contribution of an
ideal white base as a converse function of the dot area of the yellow
colorant. In particular, since ideal materials are involved, the re-
flectance level for the dashed line is the fractional dot area of the
white substrate. An alternative perspective is that since white com-
prises yellow and its complementary color blue, the decreasing
level of reflectance of the dashed lines represents the “removal” of
blue from that spectral region by increasing the amount of the yel-
low colorant which subtracts blue.
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In Fig. 3, the dashed lines represent the result of discrete addi-
tion of an ideal black to the ideal yellow already at 100% coverage.
The decreasing levels of the yellow’s maximum reflectance repre-
sent the effect of increasing dot area of the black. Alternatively, it
can represent the effect of the colorant on papers of various uniform
gray levels. Table 1 gives numerical data for hab, huv, and the uni-
form reflectance R(B) for the complementary levels of ideal blue (B)
in Fig. 2. Table 2 gives similar data for Fig. 3.
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Fig. 2. Reflectance of unit half-
tone as a function of dot area of
ideal yellow on an ideal white
substrate.

Table 1

Reflectance R(B), % Dot Areas,
and Hue Angles for Fig. 2.

RB) %W/%Y  hab huv

0.95 9565 10285 79.14
0.80 8020 10231 7914
0.60 60/40 10148 79.14
040 40/60 10047 79.14
0.20 20/80 9912 79.14
0.00 100 96.81 79.14

T —T
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Fig. 3. Reflectance of unit half-
tone area having 100% ideal yel-

low as a function of dot area of
an added ideal black.

Table 2

Reflectance (R) and Hue
Angles for Fig. 3.

R hab hw

1.0 9681 79.14
09 96.81 79.14
05 9681 7914
03 9681 79.14
01 9468 79.14

%W/%Y = ratio of % dot area of white base (W) to % dot area

of yellow (Y)
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As can be seen from Tables 1 and 2, there is an anomaly in the
hue angle hab of CIELAB, but not for huv of CIELUV. The value of hab
ranged over six degrees for the tint scale represented in Fig. 2.
However, for the shade scale represented in Fig. 3, hab shifted only
at a low reflectance level. Anomalies in hab at very small tristimu-
lus values have been discussed by McLaren [16]. Data for ideal
magenta and cyan are similarly given in Table 3.

Table 3

Reflectance (R), % Dot Areas, and Hue Angles for Ideal
Magenta (M) and Cyan (C) Spectra Equivalent to Those in Fig. 2.

R %W/%M hab(M) hovM)  %W/%C  hat(C) huv(C)

0.95 95/5 308.67 289.95 95/5 198.09 189.15
0.80 80/20 309.45 289.95 80/20 197.86 189.15
0.60 60/40 310.69 289.95 60/40 197.52 189.15
040 40/60 312.26 28995 40/60 19717 18915
0.20 20/80 314.32 289.95 20/80 196.80 18915
0.00 0100 317.26 289.95 100 196.41 189.15

Unlike the data in Table 2 for black added to yellow, there was
no change in the hue angles for ideal magenta and cyan, so those
data are not given in Table 3. While the anomaly for ideal yellow
at very small tristimulus values would seldom be of concern in
halftone printing, the behavior of hab throughout a tint scale as de-
picted in Fig. 2 could be relevant to halftone printing since such
scales are quite the norm. The shift in hab is 9° for magenta while
the shift is only 2° for cyan. In practice, this behavior might either
enhance or offset the colorimetric values of a normal ink so that a
colorimetric representation of the ink would not be consistent with
the visual perception of the ink. This anomaly did not occur for huv
in the CIELUV system.

The various colorimetric parameters for ideal primary and
secondary colors are given in Table 4. Plots of tint scales in 10% dot
area increments of these ideal colors are given in Figures 4 and 5.
It can be seen in Fig. 4 that in CIELAB the lines of constant hue are
curved as is well known; whereas, in CIELUV, Fig. 5, the hue lines
are straight. In Fig. 4, there is a great distortion at 100% red (R), due
likely to Z = 0. Although complementary colors in Fig. 5 are
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“opposite”, the radial spacings, especially for cyan and red, are not
symmetrically uniform, suggesting incorrectly that solid red and
cyan would not add (graphically) to a neutral at the origin.
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Table 4

CIELUV and CIELAB Parameters for
Ideal Primary and Secondary Colors

u*

V*

96.45 20.85 108.69
53.58 44.81 -123.44
94.88 -48.75 -7.85
42.27167.39 26.96
90.97 -40.05 110.32
35.81 -25.92 -135.10

C*uv
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Fig. 4. Ideal Y, M,C,R,G, & B
10% tint scales in CIELAB.
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Fig. 5. Ideal Y,M,C,R,G, & B
10% tint scales in CIELUV.

The Psychophysical Model

Although the model herein is unique, it has a conceptual basis
similar to the CIE color spaces. First, equal response of the conal
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systems results in “white”. Second, consider the fact that one sees a
color hue with monochromatic light even in regions where the three
conal systems are simultaneously stimulated (e.g., green). This
could suggest that the total visual stimulation can be separated into
two components: an achromatic one (“white”) and a chromatic one
(hue, chroma). Also, color stimuli can be added to form a new color
stimulus with its own achromatic and chromatic components. The
achromatic component corresponds to the smallest tristimulus
value, which can be X, Y, or Z, depending on the color. In the calcu-
lation of the tristimulus values, this is equivalent to letting the
reflectance R(\) comprise a constant value Ry plus a variable value
R'(A). It is analogous in electrical circuit theory to superimposing
an AC voltage on a DC voltage.

The tristimulus values for the ideal colors in Table 4 are given
in Table 5, where W indicates the “white” (achromatic) component
in that particular color. With regard to secondary colors, it is seen
that, for example, X(R) = X(Y) + X(M) - X(W), etc., for X(G), X(B),
and likewise for Y(R, G, B) and Z(R, G, B). Note that the sum of ei-
ther the primaries or the secondaries produces equal tristimuli, or
white, as does the addition of a primary and its complement. The
reason for some values not equaling exactly 100.000 is due to limit-
ing the visible spectrum to 380 nm to 720 nm, which truncates more
red and green than blue standard observer values. The mathemat-
ical agreement is very good, and three decimal places are used only
because all theoretical values are used. In practice with real colors,
one decimal place is more than sufficient.

For subtractive mixing, the white component, W, is simply sub-
tracted from all the tristimulus values, since in subtractive mixing,
regions are subtracted by absorption from a white base to leave a net
color stimulation. For subtractive mixing, the primaries can be re-
duced to “net” chromatic tristimuli by subtracting out each’s white
component. Then, resultant hues can be determined from linear
combinations of the reduced primaries. Net chromatic tristimuli
are given in Table 6, derived from Table 5. It is seen in Table 6 that
for net chromatic stimuli, each net color (YY", M", C", R", G", B")
has one zero tristimulus value, but that zero tristimulus value is de-
rived from a different W for each color.
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Table 5

Tristimulus and White (W) Component Values For Ideal Colors

Color X Y y/ w
Y 83.059 91.089 4526 4.526
M 45.016 21.586 95.492 21.586
C 71.871 87.325 100.017 71.871
R 28.102 12.675 0.000 0.000
G 54.957 78.414 4.526 4.526
B 16.914 8911 95.492 8911
Y+M+C 199.946 200.000 200.035 199.946
R+G+B 99.973 100.000 100.018 99.973
Y +M 128.075 112.675 100.018 100.000
Y +C 154.930 178.414 104.543 100.000
M+C 116.887 108.911 195.509 100.000
Y+M-W 28.075 12.675 0.018 0.018
Y+C-W 54.930 78414 4.543 4.543
M+ C-W 16.887 8911 95.509 8.911
R+G 83.059 91.089 4.526 4.526
G+B 71.871 87.325 100.017 71.871
B+R 45.016 21.586 95.492 21.586
Y +R 99.973 100.000 100.018 99.973
M+G 99.973 100.000 100.018 99.973
C+R 99.973 100.000 100.018 99.973

A fundamental principle of this model, like other models, is that
if unequal X, Y, and Z lead to chroma and hue, the visual system
might initially separate the achromatic and chromatic components
of a given stimulus and then subsequently recombine them. An
orthogonal XYZ vector system will not directly accomplish this
separation. Instead, to represent such a separation, a trigonally
(120°) symmetric, planar arrangement of vectors is proposed as
shown in Fig. 6, where each conal system’s total response, corre-
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lated with its tristimulus value, is fed to a vector-like channel,
mutually opposing the other two in a dynamic counterbalance
fashion, not unlike the opposing flexor-extensor counterbalance of
the neuromuscular system.

Table 6

Net Chromatic Tristimuli For Ideal Colors

Color X" Y VA
Y' [=Y -W(Y)] 78.533 86.563 0.000
M"[=M-W(M)] 23.430 0.000 73.906
C" [=C-W(C) 0.000 15.454 28.146
R'[=R-W(R)} 28.102 12.675 0.000
G'[=G-W(G)] 50431 73.888 0.000
B"[=B-W(B)] 8.003 0.000 86.581
Y'+M" 101.963 86.563 73.906
Y'+M"-W(Y"+M") 28.057 12.657 0.000
Y"+C" 78.533 102.017 28.146
Y'+C"-W((Y"+C") 50.387 73.871 0.000
M"+C" 23.430 15.454 102.052
M"+C"-W(M"+C") 7.796 0.000 86.598
Y'+M"+C" 101.963 102.017 102.052
Y'+M"+C"-W(Y"+M"+C") 0.000 0.054 0.089
R"+G"+B" 86.536 86.563 86.581
R"+G"+B"-W(R"+G"+B") 0.000 0.027 0.045
Y"+B" 86.536 86.563 86.581
M"+G" 73.861 73.888 73.906
C"+R" 28.102 28.129 28.146

This type of graphical arrangement per se is not a new way to
represent tristimulus values and is somewhat analogous to GATF’s
density color hexagon determination. However, this arrangement
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has not yet been fully developed as a visual vector model. This
vector arrangement is simultaneously consistent with both the
Young-Helmholtz trichromatic and Hering opponent models. It has
three independent responses, and each response is mutually
“opposed” to the other two. It will, therefore, be called the mutually
opposed, trichromatic response (MOTR) model.

Y

I

Y
TS
,ie \-700
120°

z X B
Fig. 6. Symmetrical planar Fig. 7. 10% tint scales of ideal
arrangement of tristimulus colors according to the MOTR
vectors. model.

However, the model cannot be best utilized as shown in Fig. 6.
For the moment, it can be used to plot the ideal colors as was done in
Figures 4 and 5. If the X, Y, and Z values of the ideal colors are plot-
ted in this way, Fig. 7 results. Note that the complementary colors
are exactly 180° opposite and equally spaced, guaranteeing that if
they are added vectorially, “white” will be produced. However, their
angular spacing is not uniform, as might be desired. It would be
aesthetically nice if they plotted as a hexagon; however, it is not a
colorimetric requirement that a hexagon should be produced, al-
though one can be with a suitable transformation. It can be seen that
in a planar arrangement, a mutual angle of 120° provides the
largest overall color gamut.

To better understand the model, it will be developed first for the
visual response to the monochromatic spectrum. The CIE 10° Stan-
dard Observer color-matching functions will be treated as if they
are tristimulus values. In Fig. 8, let x,,¥,,and z,, represent the
value of the CIE 10° Standard Observer color-matching functions at
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a given wavelength, and C the MOTR model chromaticity vector
resulting from those functions according to vector equation (2).
Bold letters will represent a vector. Theta (8) is the counterclock-
wise angle between the X axis and the chromaticity vector C, and
represents the hue of C. The magnitude of C, | C!, from planar trig-
onal coordinates, is given in (3) and represents MOTR chroma C.

C=x,X+y,Y+ 7,2 )

2 -2 -2 -2 - - - - -
ICI"=x0+ Y10+ Z10 ~ %0 Y10 ~ %0210 - Y10 %0 3

From Fig. 8, it can be seen that the effect of this vector geometry
is to subtract the smallest value of X4, y;,,and 2z, from the other
two. The case depicted in Fig. 8 is for y,,> %4> 2, , but holds for
any relation. The representation of C in (2) can be rewritten as in
(4), and thus as in (5), where x' = (%, - w); ¥' = (¥, - W); z'=( Zy0-
w) (z'= 0 in this case); and w is the smallest of x,,, ¥,,and z,,.

Note that if x;=y,,=2,,, the resultant point is zero, the origin
(achromatic point). If X, ¥4, and z,, are unequal, the resultant
vector will be a point away from the origin, having hue and chroma,
It is seen that the effect of the vector addition of the smaliest
tristimulus value, if non-zero, to a first vector resulting from the
vector addition of the two larger tristimulus values is to reduce the
magnitude of the first vector, and to change its direction (hue)
unless the first vector is 180° from the smallest tristimulus value’s
axis. For purposes of angular designation, the X axis is taken as the
reference.

C=(%, - WX+ (Fo- WY + (Z- W2 @
C=xXX+yY+2z'Z )

The angle 6 is defined from vector algebra as in (6), or it can
also be determined after transformation to Cartesian coordinates.

XeC

X1 TCI ©

cos 0=
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Aplot of Cfor X, ¥,,,and z,, from 400 nm to 700 nm in 5 nm

intervals is given in Fig. 9. The shape in Fig. 9 is a planar equiva-
lent of that plotted by Adams [17 (Fig. 2)] in orthogonal tristimulus
space according to his theory of color vision [18].

Y
iy
y-
Y
(i"'?"'i)\ (i+y)
X
z
r4 X 4— 445 nm
Fig. 8. Mapping of CIE 10° color- Fig. 9. CIE 10° color-match-
matching functions according ing functions according to
to the MOTR model. the MOTR model.

While Fig. 9 represents the chroma of the spectral wavelengths,
in doing so it somewhat disguises the model’s hue characteristics of
the spectrum. Since hue is due to the relative proportions of
chromatic stimuli, one can transform Fig. 9 to a qualitative hue
diagram by making the stimuli (x, y', 2') relative to the absolute
response sensitivity scales along X, Y, and Z through proportionali-
zation. To proportionalize X, y', and z' with respect to X, Y, and Z,
one merely needs to divide each by their sum. This is equivalent to
the calculation of the 1931 CIE chromaticity coordinates. Thus, the
proportionalized chroma vector, C", can be given by (7).

C

Tx'+y+z'

- xllxn + ann + znzn (7)

"

Where X" - X'/(X'+y'+z'), yH = yl/(x'+yl+zl), z - zl/(xr+yl+zv)
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Since vector C is divided by a scalar, the direction 8 of C and
C"are identical, but C" is always smaller in magnitude. By mak-
ing the vector components proportional, the axes can be thought of as
unit normalized. Thus, in effect, IX"] = [Y"] = |Z"] = 1. If Fig. 9
is replotted as C" according to (7), Fig. 10 results.

. +—471 nm
. 0.180 4

b4 % 0.120 4
L]
. ° Wio(R) 516 nm

0060

0.000 4

sonm «— 400 nm

Fig. 10. Spectrum when plotted Fig. 11. White component W of
as proportionalized vectors the spectrum according to the
according to the MOTR model. MOTR model.

That a straight sided triangle should result is most desirable,
for it represents any hue as a mixture of the hues at the apices [(1,0,0),
(0,1,0), (0,0,1)], which are unique hues. White is at the center (0,0,0).
It is similar to Maxwell’s triangle but has the property of predicting
the perceptually unique hues directly from its geometry. The wave-
length of unique grecn would be at the vertical apex (6 = 120°) and is
516 nm. Unique blue would be at the lower left apex (0 =240°) and is
471 nm. The hue yellow would be at 6 = 60°, where x" = y", which is
the wavelength where the ')_(10 and }10 color-matching functions are
equal; i.e., at about 573 nm. These wavelengths for unique hues are
consistent with those of Dimmick and Hubbard [19]. Although the
1931 CIE chromaticity diagram suggests an apex in the vicinity of
515 - 520 nm, it does not suggest where unique blue is unless the po-
sition of yellow is first defined. The curvature in the xyY system is
due to including the achromatic contributions in both the numerator
and denominator rather than treating them separately. These
unique hues occur in Fig. 9 at the same 9, e.g., where the chroma lo-
cus intersects the Y and Z axes.

According to Fig. 10, there is no monochromatic unique red (6 =
0%), but rather unique red is from mixing long wavelength red with
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some blue. It is emphasized that according to the MOTR model, the
lack of a unique monochromatic red is not due to insufficient conal
sensitivity in the far red, but rather is due to the green color-match-
ing function being greater than zero at the long wavelength end of
the spectrum. In this model, unique hues occur where the two small-
er color-matching functions are equal, making two of x", y", 2"
equal zero. Thus, a monochromatic red would require green and
blue functions to be zero while red was reasonably finite within the
visible spectrum. Although in standard tables, y,, does go to zero at
760 nm while x, is 0.0001, such a distinction is more mathematical
than psychophysical. In the MOTR model, unique red is deter-
mined by its complementary wavelength (6 = 180°), which is at about
492 nm, and which agrees closely with the value of Dimmick and
Hubbard [20] of 494 nm. This value is also a neutral point for
protanopes. If this model is applied to the conal sensitivities of
Smith and Pokorny [21] or Estevez [22], as have models based on
them by Boynton [23] and Hunt [24, 25], all the psychologically
unique hues are not determined. Also, these models do not directly
predict unique blue as the MOTR model easily does, even though
they involve extensive mathematical manipulations. Although
beyond this paper’s scope, the MOTR model describes well the
defective color vision characteristics of protanopia, deuteranopia,
and tritanopia by simply allowing the appropriate color-mateching
function to be zero for all wavelengths and proceeding as before.

Although the CIE xyY system also utilizes proportional amounts
of the tristimulus values to arrive at both hue and purity, the princi-
pal difference of the MOTR model is that only the portions of the
tristimulus values which contribute to chromaticity are utilized. In
the CIE xyY system, the spectrum locus defines 100% excitation pu-
rity at all wavelengths. In the MOTR model, “excitation purity”
(i.e., purity of the visual response) is not the same for all wave-
lengths MOTR excitation purity is 100% only where IW| =0. In
regions where x1 s y10 ,andz z,, are all nonzero, IWI > 0, so purlty <
100%. Since hue derives from proportions of x10 , y10 ,and z;, in the
visual response, F]g 10 is a hue diagram and not a chromaticity
diagram because it is not based on chroma.

An appearance response, A, can, therefore, be thought of as the
mixed sum of chromatic and achromatic vectors according ta (8),
where the coefficient “a” would correlate with the luminous efficien-
cy function. Since appearance includes the three perceptions of hue,
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lightness, and purity, lightness (and brightness) includes both
achromatic and chromatic contributions and would correlate with
[Al, which would correlate with luminance. For qualitative pur-
poses, it is the proportion of IWland | CI| that would correlate with
purity. This is similar in concept to the CIE xyY diagram, where a
point is considered a mixture of a pure chromatic component and a
white (achromatic) component. The correlate of the proportion of
IC! to the sum of |Cl and |W1 is purity (P) as given in (9).

A=aC+bW (8)
IC
P= 1T+ W] ©)

There is also the possibility that purity could be the proportion of
IC1 to the resultant stimulus 1Al, thatis, P= [Cl/IAl. However, in
vector mathematics, such a ratio is a cosine function (unless C and
A are colinear), which is not linear. Thus, a scalar ratio would give
a mathematically better behaved mixing function from 0 to 1. Let-
ting the smallest color-matching function be the white component, a
plot of the white component in the spectrum is given in Fig. 11. The
peaks at 471 nm and 516 nm represent minimal perceptual purity.
These occur also at the unique wavelengths in Fig. 10.

The points on the sides of the triangle of Fig. 10 can represent
maximum (100%) purity. Thus, letting [C"| depict 100% purity at
any wavelength, then the purity vector P in an appearance corre-
lates according to (10), having direction 6 from (6) since P and C are
colinear.

ICl C"
P=TCGT+ Wi (10)

Accordingly, if there is no white component (1W1 = 0; 100% pu-
rity), only chroma contributes to luminance, which occurs above
540 nm since z, , is nearly zero. f X=Y=Z >0, ICI=0,but IWI>0,
and the response comprises only achromatic luminance (0 purity).

The MOTR model allows a very simple interpretation of the
difference between adding white and increasing the white level.
According to (2), adding white is equivalent to adding an amount w
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t0 X4, ¥0,and z;,. According to (4) and (6), neither the magnitude
{chroma) nor direction (hue) of C is changed, but from (8), A appears
lighter because as w is increased, | W increases while 1C| re-
mains constant, thereby increasing 1Al but also decreasing purity.
To increase the white level, only the smallest tristimulus value

(210 , for example, herein) is increased. From (4) and (5), as x' and
y' decrease, 1C| decreases, | Wlincreases, and thus purity
decreases. From (7), the ratio of x" to y" would change (unless x X0=
¥10 )» and a shift in hue (6) should also occur. For stimuli with X, Y,
or Z less than 100, white can be added with a concomitant increase in
IW | but without a shift in hue until the largest tristim-ulus value
reaches maximum (i.e., 100), with a decrease in purity. Beyond this
point, increasing the white level would reduce the C vector to zero
along a curved path through hue shifts toward white. The hue:shift
should be small and masked even further by the rapidly increasing
achromatic component.

Some distinction between purity and saturation in this model
should be made, although many times, these two terms are used
synonymously. The transformation of a set of tristimulus values X,
Y, and Z according to (7) will always locate a point along the locus
lines of Fig. 10 regardless of the purity or saturation of the stimulus.
Different luminances (but less than that of the reference white) of a
monochromatic yellow are all equally pure (100%), but the higher
luminances will appear more “colorful”, or more “saturated”, than
the lower ones. Thus, saturation might be used to to describe differ-
ent purities of a hue, all at constant luminance, or different lumi-
nances of a hue at constant purity (colorfulness?). While purity as
defined in (9) suggests the proportion of chroma in the stimulus at
any luminance level, “saturation” commonly suggests the extent to
which an end point is reached, and it would be nice to have colori-
metric saturation defined quantitatively, ranging from 0 to 1 for
any purity and luminance, suggesting a dependence on both.
CIELUYV saturation Suv can be greater than 1, which again, makes
conceptualization difficult. Perhaps “100% saturation” should be
100% purity and maximum luminance relative to white for a given
hue. See Hunt [30] regarding colorfulness and saturation.

MOTR Model Purity Diagram

There seems a great preference for circular diagrams, perhaps
due to the arrangement of Munsell hues in a nearly circular fash-
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ion, and Fig. 9 or 10 can be easily transformed into a circle, Since
Fig. 9 represents chroma vectors whose angle, not magnitude,
determines hue, a hue circle can be created by simply dividing the
chroma vector for each wavelength by its magnitude (normaliza-

tion). Normalization creates a hue circle of unit radius, which is
given in Fig, 12.

This normalization will place the hue of any color regardless of
its chroma or purity on the circle’s circumference. To make a cir-
cular purity diagram from Fig. 12, (10) is used, where 1C"{ =1. The
circumference may then represent 100% purity of each hue. The
normalized unit chroma vector for each wavelength is then multi-
plied by its purity so that | P! = P as given by (9). If this is done, Fig.
13 results. Most importantly, Fig. 13 is not a true chroma diagram
because purity, not chroma, is the radial variable. If a chromaticity

(i.e., chroma and hue) diagram is desired, then chroma from (2) or
(5) must be plotted, as in Fig. 9.
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Fig. 12. Circular MOTR *“hue” Fig. 13. Circular MOTR purity
diagram of wavelengths in diagram of wavelengths in
Figures 9 and 10. Figures 9 and 10.

A unit normalized purity diagram overcomes one difficulty
with the 1931 CIE chromaticity diagram, where even for the wave-
lengths above 560 nm, the distance from the white point to the spec-
trum locus is not constant, even though all are “100% pure”. In a
sense, the 1931 CIE “chromaticity” diagram is really a hue diagram
as in Fig. 10 in the region where 510 is 0, but is conceptually overall
a “purity” diagram since no distance is based on pure chroma.
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White Component

Thus far, the achromatic (“white”) component W has been used
without discussion as to how it might arise. While it is not intended
to even speculate on a neurophysiological basis, speculation of a
psychophysical model can be made. If the output of each axis in Fig.
8 is subtracted from its input, the result would be the value of the
achromatic component. This subtraction could be done for only one
tristimulus value or all three, with the result fed to a luminance
channel along with the chromatic information as in (8). If appear-
ance correlates with purity as in (9), it could suggest that the a¢hro-
matic and chromatic signals are combined in a scalar mixing
fashion to create the appearance response A, according to (8). The
effect of other mathematical operations (e.g., logarithmic) applied to
these outputs will not be covered herein. Logarithmic or other
monotonic functions (roots, exponentiation) will not change the
unique hue aspects, but they do change the relative scaling and thus
wavelength discrimination.

Surface Color Space

The color space for this model will incorporate many of the
concepts in the CIE xyY, L*a*b*, and L*u*v* spaces. The cube root
L*a*b* system is somewhat empirical {28]. L*u*v* is also empiri-
cal but based on projective transformations [29, 30 (pp. 104-107)] of X,
Y, and Z. A principal application for the MOTR model is graphic
arts color reproduction, the subtractive, halftone printing process in
particular. However, the MOTR model is also applicable to additive
mixing processes as in color CRTs, etc.

From the data used for Figures 4, 5, and 7, Figures 14-18 can be
derived. Figures 14-16 indicate chroma vs. dot area behavior. In
Fig. 16 the chroma for the complementary colors plot on top of each
other, which they should, since equal areas of ideal complemé¢ntary
colors should combine to a neutral as suggested in Fig. 7. The
different chromas at 100% dot area mean that the visual chroma
response is different for different pairs of complementary hues.
The uppermost line is for the Y-B pair, the middle line is M-G, and
the bottom line is R-C. Figures 14 and 15 produce different chroma
responses for complementary colors, which increase with dot’ area.
Since these are ideal colors, this behavior might not likely be found

47



with real colors, which lack the purity of the ideal colors, except
possibly for dense, “clean” yellows. These ideal colors do not vio-
late any physical laws and can be used as herein for elucidation
purposes, but idiosyncratic behavior at their extreme chromas does
not necessarily invalidate the color space used.
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The “lightness” characteristic for the CIE and MOTR spaces is
shown in Figures 17 and 18. The lightness L* in Fig. 17 incorpo-
rates lightness due to both the achromatic and chromatic compo-
nents. In Fig. 18, “W” represents the achromatic (“white”) compo-
nent in the color. In this regard, the MOTR space is really differ-
ent. The MOTR space quantifies the chromatic and achromatic
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components separately. This is advantageous for halftone printing,
since the achromatic component can be treated separately as black,
especially in complete gray component replacement (GCR).

A standard color space “test” is the depiction of Munsell colors,
usually at constant Munsell Value, or lightness L*. A set of Mun-
sell glossy chips of Hue = 5, Value = 6, with Chroma intervals (AC) of
2 was measured spectrophotometrically from 380 nm to 700 nm in 10
nm intervals via an integrating sphere with specular component
excluded, and the color metrics calculated for CIE Illuminant C and
the 2° Standard Observer, which is the standard viewing condition
for Munsell samples. The color metrics for these chips in CIELAB
and CIELUYV are plotted in Figures 19 and 20. The point. labelled
“N” represents the neutral (achromatic) color V = 6.0. An ideal,
uniform color space would desirably render these Munsell colors in
radially symmetric, concentric circles. However, given the
asymmetry of the CIE Standard Observer functions, it seems
unreasonable to expect a color space to produce the spacing of visual
perception as angularly symmetric, concentric circles. This is
especially true in regard to hue (as dominant wavelength) because
wavelength discrimination will correlate with the slopes of the
Standard Observer color-matching functions as discussed earlier.
Angular symmetry with dominant wavelength would require that
wavelength discrimination is constant throughout the visible
spectrum, which is quite obviously not true. Also, Munsell colors at
a given V and C should not form a circle because it would mean that
all hues of the same chroma have the same lightness. The luminous
efficiency function V(L) shows this is not true.

A chroma diagram for these Munsell colors according to the
MOTR model is given in Fig. 21. Fig. 21 is based only on the
tristimulus values as per (2), so distance represents chroma, not
purity. N is located away from the origin, indicative of the chro-
matic (bluish) effect of the Illuminant C. To “discount” the illumi-
nant’s chromatic effect (on perceived white) as is done in CIELAB
and CIELUYV, the tristimulus values are divided by the illuminant’s
tristimulus values as in CIELAB, which should place N at the origin
and reference the other colors to this new origin. This occurs be-
cause in a vector space, a unitized basis set of vectors can be made by
dividing each basis vector by its magnitude. In effect, this normal-
izes the data to a new “neutral” point.
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The resulting data are plotted in Fig. 22. Note the angular
“spread” from GY to BG, suggesting relatively low hue diserimina-
tion between these hues. The close spacing around Y and PB sug-
gests higher hue discrimination there, since they represent “sensi-
tive” (unique) hues. A large spread occurs also between the P and R
hues, which correspond to the “purple line” of the CIE chromaticity
diagram. There is no equivalent monochromatic wavelength in
this region so the response should correspond more to color mixing
than to monochromatic stimulation. In CIELAB and CIELUV
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(Figures 19 and 20), Munsell Hue and Chroma “tend” to be uni-
formly spaced, although dominant wavelength (Hue) seems less
uniformly spaced than Chroma. Fig. 22 is a truer “chromaticity”
diagram than a*b* or u*v* diagrams because achromatic content is
not included in Fig. 22’s data points, and therefore, the radial spac-
ing represents pure chroma differences. In CIELAB and CIELUYV,
the tristimulus values contain an achromatic component, althaugh
it is somewhat compensated for.

o8 e 272,

Fig. 22. MOTR “normalized” Fig. 23. MOTR “normalized”
chroma diagram of Fig. 21. purity diagram of Fig. 21.

For halftone printing, a MOTR purity diagram is used instead
of a chromaticity diagram. The reason is that halftone color print-
ing is similar in concept to the 1931 CIE “chromaticity” diagram. In
color printing, a DMax of an ink is mixed with the paper’s white to
produce tints. Black is added to produce shades. A given DMax can
be considered 100% “purity” of that printed colorant so that tint
scales represent purity scales relative to DMax. Applying this con-
cept of purity to the data in Fig. 21, Fig. 23 results. While similar to
Fig. 22, it tends to increase the radial spacings, especially expand-
ing the G and GY hues, but the radial spacings still compress at the
outer ends. However, there is still a question of what comprises the
achromatic component W in the MOTR concept of purity.

The component | C| was the vector magnitude of only the chro-
matic components. Since X, Y, and Z contribute equally to the
achromatic component, should | W |comprise the sum of the mini-
mum X, Y, and Z values; i.e., 3| W |, rather than only one tristimu-
lus value as in (9)? If the magnitude of only one minimum tristim-
ulus value is used, then the magnitudes of the other two are dis-
carded from the computations as if they do not contribute. In
CIELAB and CIELUV, all the tristimulus values are included. If
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the other two tristimulus contributions are included, and purity is
defined as in (11), Fig. 24 results, which gives more uniform radial
spacing than Fig. 23, especially for the colors of high chroma. If the
coefficient of | W1 is varied for these Munsell chips, it is found that
for values of the coefficient of IW | less than 3, the spacings com-
press at high chromas, and for values larger than 3, the spacings
compress at low chromas. The application of (11) to Fig. 12 only
accentuates the characteristics of Fig. 13 and doesn’t change the
qualitative aspects.
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Fig. 24. MOTR “normalized” purity diagram of Fig. 23
based on a 3| W achromatic contribution.

An excellent example of the difference between using chroma
and purity to represent color gradation in the graphic arts can be
shown using tint scales of inks. In this case, gravure inks on stan-
dard paper stock were used. CIE tristimulus values were deter-
mined for ¥, M, C, R, G, and B ink scales as for the Munsell sam-
ples, except that CIE Illuminant D50 was used, since this is the rec-
ommended viewing standard for graphic arts (See ISO #3664). The
scales’ CIE a*b* and u*v* diagrams are shown in Figures 25 and
26. The MOTR model purity diagram using 31 W1 is shown in Fig.
27. In both CIE diagrams, note that the blue (B) scale “hooks” back
as its DMax is approached. This “J” shape suggests that some ap-
pearance aspect (chroma) of DMax is equivalent to about a 60% dot
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area. However, what one sees in looking at the scales is a nearly
monotonic change toward DMax, not a hooking. A nonperceptual
overlapping of chroma without hooking as DMax is approached
occurs more so for some colors (R, G, C) than others. A hooking
suggests that a hue shift is occurring along with the compression.
Such hooking and nonperceptual compression is absent in the
MOTR purity diagram, although some curvature occurs. Some
curvature, representing a hue shift, is expected since the color effect
of the base rapidly diminishes as DMax is approached.
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Fig. 25. CIE a*b* diagram of Fig. 26. CIE u*v* diagram of

gravure ink scales. gravure ink scales.

The reason for these different behaviors is that the CIE dia-
grams represent chroma, which does decrease as a high DMax is ap-
proached, especially for darker colors. However, the achromatic
level is also decreasing so that what one perceives is the combined
effect of a change in both chroma and lightness. The MOTR purity
diagram shows the combined effect of chromatic and achromatic
components, which is what correlates perceptually. If a MOTR
chroma diagram is made, it will behave similarly to the CIE dia-
grams because chroma decreases in the MOTR model also. Thus,
the MOTR model purity approach seems better for visual represen-

tation in the graphic arts.

53



T T T
6.0 120 180 240 30.0

Fig. 27. MOTR model purity Fig. 28. MOTR IC| vs. W for
diagram of gravure ink scales. Munsell 5H hues, V=6, AC=2.

The MOTR Model and GCR

A more important advantage of the MOTR model is its applica-
bility to halftone color reproduction since it intrinsically reduces
any color to two chromatic components and one achromatic one,
which is particularly advantageous to complete GCR. Another in-
trinsic advantage is its linearity of W with dot area (Fig. 19). It has
an advantage also regarding lightness L*. If | C/I is plotted against
W for the Munsell colors, Fig. 28 results. There is a linear relation
between MOTR chroma and achromatic components. Since these
Munsell colors all have the same lightness, Fig. 28 suggests the
lightness of a color can be separated into linear combinations of
MOTR chroma and W without a change in lightness, as was sug-
gested in (8). The CIE spaces cannot do this. Thus, in the MOTR
model, large data tables are not necessary since only the paramet-
rics to define a straight line for each producible hue have to be
stored.

To use the MOTR model to determine a 100% GCR composition,
one first determines the hue and chroma of the original color in
MOTR model parameters and CIE lightness L*. From empirical
tables, the appropriate combination of two primaries to produce the
desired hue is selected. From the value of lightness L* required, the
ICl vs. W parameters for that lightness are selected. From the val-
ues of the chroma produced by the two primaries and the chroma of
the color to be reproduced, the remaining lightness contribution by
the achromatic level is easily determined. Since these tables can be
in terms of linear parameters of dot area, storage of data is signifi-
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cantly reduced. More importantly, the color representations develop
naturally from appearance derived color-matching functions, not
arbitrary transformations or empirical mathematical “best fits”,
thereby enhancing the likelihood of achieving matches to appear-
ance without extensive iterations of color correction.

Although it was said that black is added to the colors, it is more
useful if it is considered that black is added to the base. One can
view this as adding the same, highly “pure” ink to a paper with some
gray level. The principal purpose of adding black is to extend the
color gamut to lower L* values. However, a secondary effect of
adding black is to decrease the maximum possible chroma, even
though the purity might be 100%. This effect is similar to that dis-
cussed for Fig. 3. Since in shade scales, black is added to the colors,
it is as if the colors are placed on a neutral base having an achro-
matic level corresponding to the amount of black. Thus, it is neces-
sary to know the lightness L* vs. black area of the paper to be printed
on. The MOTR model uses the achromatic component only for
lightness scaling so that lightness can be altered without a shift in
hue. This conceptual difference in the use of lightness in color
reproduction is the greatest difference in the MOTR model and the
CIE spaces. The CIE a*b* and u*v* diagrams are best for applica-
tions at constant lightness as in Munsell Value planes. When
lightness and chroma both change significantly, color systems
representing only chroma changes won’t correlate well visually,
since people will perceive the combined effect of both changes,
Besides the Munsell system, the MOTR model gives far better
visual representations of both the Swedish NCS and German DIN
systems than CIELAB and CIELUV do.

Color Difference

The principal intent of the CIELAB and CIELUV systems is to
provide a quantitatively objective means to calculate small color
differences which correlate well with visual differences. Another
earlier approach by MacAdam [31] for acceptable/detectable color
differences used ellipses, and this approach remains today also as a
principal method. In fact, such ellipses are usually called
“MacAdam ellipses”. In general, the 1931 CIE chromaticity coordi-
nates are used, but CIELAB and CIELUV coordinates can also be
used [32-38]. A more mathematical approach is that proposed by
Helmholtz using the color space geometry in line elements of Rie-
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mannian space [39-43]. For a general discussion, see Wyszecki
and Stiles [44, Ch. 8.4]. In a chromaticity plane where chromaticity
discrimination can be described by an ellipse, the color metric for
the chromaticity difference AC can be given as in (12), where g;;,
g9, and gy, are the metric coefficients [39], and Ax and Ay are the
coordinate differences of the color in the orthogonal CIE x,y
chromaticity plane. MacAdam [39] was able to show that where
chromaticity discrimination plotted as an ellipse in CIE chroma-
ticity coordinates, the same data plotted as a circle when the x and y
axes were at an angle of about 133°. This is a standard mathemat-
ical procedure to determine a new set of axes such that g;, = 0.

(ACY? = gy (Ax)? + 2g, ,(Ax)(Ay) + gyp(Ay)? a2

In a multiple linear regression analysis of a color metric using
differences in the opponent-color tristimulus values X*, Y*, and Z*
with and without cross-product terms, Rich {41] stated, “The only
reasonable conclusion ... is that there seems to be a need to include
the cross-product terms in the model. The results ... indicated ...
that the addition of the cross-product terms would increase the
correlation between the calculated and visual scales.” Thus, a non-
orthogonal chromaticity plane would seem to provide a better corre-
lation between visual and calculated color differences.

In the MOTR model, in the X")Y” tridant, for example, from (3)
the magnitude of an origin-bounded vector would be given hy (13),
and the magnitude of any difference between points in this tridant
would be given by (14). A difference between points in two tridants
would require the analogous use of (3) in all variables. If IC| isa
constant, (3) defines a circle in planar trigonal coordinates, and,
therefore, (14) would define a circle about the reference point (x'('), y'('))
with radius AC. Thus, the planar geometry of this model produces a
circular color metric for constant chromaticity differences.

(1}

Ic1%= x?. xy" +y® 13)
2 RN S N N T w2
(AC)" = (xy-xp" - (%1~ x)(y -y + (¥, ¥¢ (14)

The discrimination data from Rich and Billmeyer [42] for a
yellow color center based on the 10° CIE Standard Observer are
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shown in Fig. 29. Using the CIE tristimulus values for these data,
the corresponding distribution of visual responses according to a
MOTR model purity diagram is given in Fig. 30, where the refer-
ence point is not at the origin. The shapes of the two distributions are
virtually identical. Thus, the color metric of the MOTR model
space seems equivalent to color metrics in Riemannian space.
However, much more investigation would be needed to verify this
ability.
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